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abstract: Recent research has shown how process variability and
measurement error in ecological time series can be separated using
state-space modeling techniques to combine individual-based data
with population counts. We extend the current maximum likelihood
approaches to allow the incorporation of sex- and age-dependent
counts and provide an application to data from a population of Soay
sheep living on the St. Kilda archipelago. We then empirically evaluate
the performance and potential of the method by sequentially omitting
portions of the data available. We show that the use of multivariate
time series extends the power of the state-space modeling approach.
The variance of measurement error was found to be smaller for males
and the sex ratio of lambs to be skewed toward females and constant
over time. Our results indicated that demographic parameters esti-
mated using state-space modeling without relevant individual-based
data were in close agreement with those obtained from mark-recap-
ture-recovery analyses alone. Similarly, estimates of population size
obtained when the corresponding count observations were unavail-
able were close to those from the entire data set. We conclude that
the approach illustrated here has great potential for estimating hidden
demographic parameters, planning studies on population monitor-
ing, and estimating both historical and future population size.

Keywords: fecundity, hidden parameters, population dynamics, Soay
sheep, state-space modeling, survival.

Introduction

Ecologists commonly use time series of population counts
to derive inferences about the demographic processes un-
derlying observed fluctuations (Cappuccino and Price
1995; Stenseth et al. 2004). However, changes in observed
population size reflect both demographic variability and

* Corresponding author. Present address: Institut Mediterrani d’Estudis
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measurement error (Clark and Bjørnstad 2004). A possible
way to disentangle these two processes is through com-
bining population counts with individual-based life-
history data into a single analytical framework (Besbeas et
al. 2002; Brooks et al. 2004; Buckland et al. 2004; Clark
and Bjørnstad 2004; Newman et al. 2006). The basis of
this framework is a state-space model for the population
data, where the true but unknown size of the population
is modeled with a state process and linked to the observed
counts by an observation process. Assuming independence
between data sets, a joint likelihood may be formed by
multiplying the likelihood resulting from the count and
the likelihoods from the demographic analyses. This meth-
odology is termed “integrated population modeling” or
“integrated analysis.” Parameter estimates that result from
an integrated analysis provide a simultaneous description
of all the data and are in principle more precise than those
obtained from the analysis of count or individual-based
information alone. There is a growing literature on fitting
state-space models in both a classical and a Bayesian sta-
tistical framework (Wang 2007), in particular, in fish stock
assessment and management (Newman 1998; Meyer and
Millar 1999; Millar and Meyer 2000). State-space models
have also recently been applied to questions concerning
population change in birds (Besbeas et al. 2002, 2003) and
mammals (Buckland et al. 2004; Thomas et al. 2005). A
particularly useful feature of integrating counts and
individual-based information in a single analysis is the
potential to estimate demographic parameters that have
not been measured directly (Besbeas et al. 2002; Newman
et al. 2006; Besbeas and Freeman 2007). For example, by
combining census and ring-recovery data of lapwings (Va-
nellus vanellus), Besbeas et al. (2002) provided an estimate
of per capita fecundity that was not originally monitored
in the field. We refer to the parameters that influence the
population dynamics but that cannot be estimated from
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just the individual-based information or the time series of
counts as “hidden.” The ability to estimate hidden param-
eters from a joint analysis is important in planning con-
servation studies when individual-based data on survival
or fertility are too difficult or too expensive to collect.

Integrated modeling obviously has considerable poten-
tial to increase understanding in population biology; how-
ever, its flexibility and performance in estimating hidden
parameters has not been fully examined using ecological
data. The aim of this article is twofold. First, we use an
integrated analysis to model the dynamics of a population
of Soay sheep (Ovis aries) on the island of Hirta in the
St. Kilda archipelago, Scotland (Clutton-Brock and Pem-
berton 2004). Fecundity, survival, and lamb sex ratio at
birth can be directly estimated from detailed individual-
based data collected from approximately one-third of the
island population. Population size is estimated by a single,
annual census of the whole island. This first analysis al-
lowed us to estimate parameters previously unknown, spe-
cifically, the sampling variance within the census data and
the sex ratio at birth. Second, we experimentally evaluated
the flexibility and limitations of the integrated approach
by omitting portions of the data and comparing the results
from these “incomplete” data sets with those obtained
from the entire data set and from the analysis of the mark-
resighting-recovery data only. The deletions were chosen
to correspond to realistic biological situations in which the
state-space modeling approach could be applied. In par-
ticular, we have three objectives:

Objective 1: Estimating Measurement Error

Our first objective was to estimate the sampling variances
within the census data. Census data are typically a uni-
variate time series of total population size in a given area.
In our case, three time series of census data are available,
corresponding to adult males, adult females, and lambs of
either sex. We extended existing methodology based on
maximum likelihood model fitting to the simultaneous
analysis of multivariate census data. We also investigated
whether results were robust to the initial assumptions on
sampling variance distribution and among-groups corre-
lation in process errors by simulation.

Objective 2: Estimating Hidden Demographic Processes

Our second objective was to estimate unmeasured bio-
logical variables and, in particular, the proportion of fe-
male lambs on the island, r, and its temporal variation.
This information cannot be collected during the whole
island census because lamb sex cannot confidently be as-
cribed from a distance. We compared the estimates with
those from the individual-based data resulting from a re-

stricted part of the island. We also investigated the per-
formance of the method in estimating r using simulation.
Subsequently, we generated subsets of the entire data set
by excluding individual-based survival or fertility records.
This had the effect of making, in addition to r, age-specific
fertility and survival hidden parameters. In each case, re-
sulting estimates were compared with those from the
individual-based data. This was intended to empirically
explore the robustness of the state-space approach when
demographic parameters are estimated without the cor-
responding field data.

Objective 3: Estimating Population Size

Our third objective was to estimate population size when
census data were missing. We first deleted three consec-
utive observed values to make population size a hidden
parameter, which was then estimated. We also used the
full state-space model to forecast the population size in a
future year under a range of climatic conditions.

The Soay Sheep Population

Soay sheep are a rare breed thought to be similar to do-
mestic Neolithic sheep introduced to Britain around 5,000
BC (Clutton-Brock 1999). The study population was in-
troduced to the island of Hirta in 1932 from the neigh-
boring island of Soay after the voluntary evacuation of the
local human population in 1930 (Clutton-Brock and Pem-
berton 2004). The population of Soay sheep on Hirta ex-
hibits a complex dynamic, with years of steady growth
followed by periodic crashes in which up to 60% of the
population might die (Coulson et al. 2000). Time series
analyses (Grenfell et al. 1998; Stenseth et al. 2004) and
studies at the individual level (Catchpole et al. 2000; Coul-
son et al. 2001) have shown that this peculiar dynamic
results from the interplay of population density and cli-
matic fluctuations and their differential effect on different
age classes. Males suffer relatively high mortality, which
results in an adult population that is highly skewed toward
females (Clutton-Brock and Pemberton 2004). The large
amount of information collected from this population
(synthesized in Clutton-Brock and Pemberton 2004) pro-
vides a robust base of knowledge against which to em-
pirically test the performance of the state-space approach.

Methods

Individual-Based Data and Estimation
of Demographic Parameters

The individual-based data used in the article are recaptures
and recoveries collected during the period 1986–2004
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within Village Bay, an area covering about one-third of
the island. Following previous analyses of early parts of
the data (Catchpole et al. 2000; Stenseth et al. 2004), sur-
vival and fecundity rates, vji, of individuals of age j in year
i were modeled through logistic regressions of the general
form

logit(v ) p b � b P � b N � b N P , (1)ji 0j 1j i 2j i 3j i i

where the b’s are regression coefficients to be estimated
and N and P are two external covariates—the North At-
lantic Oscillation (NAO) index (Hurrell 1995) and the
total island population size, respectively—that have been
shown to affect both individual survival and fecundity
(Coulson et al. 2001). We selected models using the Akaike
Information Criterion (AIC; Burnham and Anderson
2002), calculated as model deviance plus twice the number
of parameters in the model. Models with AIC values within
two points of one another were considered to describe the
data equally well.

Survival Probability. For the analysis of survival, we used
observations on 1,589 females and 1,655 males collected
in the Village Bay area. Data were coded in the form of
individual encounter histories indicating for each year
whether an animal was seen alive, not seen, or recovered
dead (Burnham 1993). We will refer to these data as mark-
recapture-recovery (MRR) data. Each encounter history
can be written as a combination of three probabilities de-
scribing the different events that characterize the history
(Catchpole et al. 1998): , the probability that an indi-fji

vidual of age j survives during the time interval i, ;i � 1
, the probability that an individual known to be alive atpi

occasion i is encountered; , the probability that a tag ofl i

an individual that died during the interval , i isi � 1
encountered.

Estimates of these probabilities can be derived from
MRR data by maximum likelihood (Burnham 1993;
Catchpole et al. 1998). Catchpole et al. (2000) provided
an extensive analysis of MRR data collected between 1986
and 1996. They considered separate models for males and
females, involving distinct age classes, and different models
for the three probabilities above. They found that survival
varied as a function of climatic variables, population size,
and their interaction, while the probabilities p and l varied
as a function of time (Coulson et al. 2001). We updated
this analysis incorporating observations from 1997 to
2004. In our models, we employed three age classes for
females, corresponding to lambs (0–1 year old), yearlings
(1–2 years old), and adults (2� years old), while for males
we considered only lambs (0–1 year old) and adults (1�
years old). This age structure is simpler than the one em-
ployed by Catchpole et al. (2000), which included an extra

age class for females aged 7 years and older and one for
males older than 6 years. However, our simplification al-
lows a robust analysis of the census data without sub-
stantially compromising biological realism. The survival
probability in each age class was modeled as a function
of N, P, and their interaction, , as in equation (1)N # P
(see also Tavecchia et al. 2005), whereas p and l were
modeled as functions of time. On the basis of these models,
the likelihood function for the MRR data was derived and
maximized using the program MARK (White and Burn-
ham 1999).

Fecundity. For the analysis of fecundity, we used obser-
vations between lambing and the summer census (ap-
proximately May–July) on 2,226 lambs born to 1,972
marked females. Modeling sheep fecundity can be a com-
plex procedure, since the sheep may twin, and the pro-
duction of lambs can be a function of mother age and of
external covariates such as winter weather and population
density. We estimated the mean number of lambs, Fji, at
year i per female of age j that survive until the summer
census as a product of three probabilities that were mod-
eled independently. The Fji is calculated as

F p G [w � 2(1 � w )]S , (2)ji ji ji ji ji

where Gji is the probability that a female of age j gives
birth in year i; wji is the conditional probability that a
female sheep of age j gives birth to a single lamb in year
i, given that it gives birth, so is the probability of1 � wji

giving birth to twins; and Sji is the probability that a lamb
born to a female of age j in year i would survive until the
summer.

Standard errors for Fji were obtained from combining
the standard errors of Gji, wji, and Sji using the delta method
(Morgan 2000, p. 109). In modeling fecundity, we found
it natural to employ the same age structure as for female
survival. Note that equation (2) does not include an effect
of mother identity. In a study on the maternal effects on
lamb early survival, Jones et al. (2005) found that models
with maternal identity as a random effect were unstable
and, because the majority of mothers contributed only a
single lamb to the data set, that the individual effect should
be negligible.

Census Data and the State-Space Model

We considered census data from 1986 to 2004, obtained
from a summer count of the whole island population, each
year recording the numbers of lambs, y1, and adult females
and adult males, y2 and y3, respectively. Note that sex in-
formation is not available for lambs. Thus, our census data
form a multivariate time series, and in this respect, our
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Table 1: Linear predictors retained on a logit scale (SE) of survival
and fecundity from the analysis of individual-based data (mark-
recapture-recovery)

Parameter Intercept N P N # P

Survival:
ff1i .59 (.08) �2.38 (.40) �.34 (.02) �.80 (.15)
ff2i 2.69 (.31) �5.85 (1.81) �.32 (.05) .48 (.44)
ff3�i 2.41 (.10) �2.05 (.47) �.24 (.01) �.48 (.15)
mf1i �.18 (.08) �3.86 (.41) �.34 (.02) �.63 (.15)
mf2�i 1.58 (.18) �3.46 (.12) �.31 (.03) �.48 (.32)

Fecundity:
:F1i

G1i �.73 (.18) �1.73 (.77) �.27 (.05) NR
w1 11a NT NT NT
S1i �.37 (.21) �3.02 (.92) �.29 (.06) NR
:F2i

G2i .56 (.15) NR NR NR
w2 �7.2 (.01) NT NT NT
S2i 1.58 (.38) NR �.24 (.08) NR
:F3�i

G3�i .99 (.06) NR NR NR
w3� �9.5 (.01) NT NT NT
S3�i 2.04 (.11) �1.63 (.55) �.09 (.03) �.46 (.19)

Note: Survival parameters of sheep of age j in year i are denoted andffji

for females and males, respectively. Fecundity of a female sheep aged j inmfji

year i is denoted . Note that has been estimated as the combination ofF Fji ji

three probabilities modeled separately, the probability of giving birth ( ),Gji

the probability of producing a singleton ( ), and the probability that thewj

newborn survives until the summer census ( ). Models included populationSji

density (P), the North Atlantic Oscillation index (N), and their statistical

interaction ( ) as predictors. In modeling survival and fecundity,N # P

only the model with the lowest AIC value was retained. NR p not retained,

NT p not tested.
a Fixed to 1.00 because 1-year-old mothers never twin.

analysis extends previous analyses of total counts (Grenfell
et al. 1998; Stenseth et al. 2004). We describe these mul-
tivariate data with a state-space model parameterized in
terms of the age-by-sex demographic parameters described
as a function of external covariates as in equation (1) (table
1). In particular, the model considers a postbreeding pop-
ulation vector with five sex-by-age classes, corresponding
to female lambs, yearlings, and adults and male lambs and
adults. If we denote the numbers of animals in these classes
at year i by , , , , and , respectively, thenf f f m mn n n n n0, i 1, i 2�, i 0, i 1�, i

we can write the state-space transition equation as

fn0 
fn1

fn p2�
mn 0
mn 1� i�1

f f f frF f rF f rF f 0 0 n1 1 2 2 3� 3� 0   
f ff 0 0 0 0 n1 1

f f f0 f f 0 0 n (3)2 3� 2�
f f f m(1 � r)F f (1 � r)F f (1 � r)F f 0 0 n   1 1 2 2 3� 3� 0

m m m0 0 0 f f n   1 2� i 1� i

f�0 
f�1

f� � ,2�
m� 0
m� 1� i

where , , and Fj are the primary demographic param-m ff fj j

eters of male survival, female survival, and fecundity at
age j, respectively, and r is the proportion of female lambs
at birth. The process error vector de-f m ′� p (� , … , � )i 0 1� i

notes a random error term incorporating demographic
stochasticity. The components of are assumed to be�i

independent and normally distributed, with variances
given by suitable Poisson/binomial expressions as ex-
plained by Besbeas et al. (2002). However, we also inves-
tigated the effect of these assumptions by simulation (ap-
pendix in the online edition of the American Naturalist).

The population vector in equation (3) is not fully ob-
served, but it can be related to the census data at time i
by the measurement equation

fn 0 
fy 1 0 0 1 0 n h1 1 1     

fy p 0 1 1 0 0 n � h , (4)2 2� 2     
my 0 0 0 0 1 n h     3 i 0 3 i 
mn 1� i

where is a random error term included′h p (h , h , h )i 1 2 3 i

to account for census errors. The observation errors hri,
, are assumed to be independent and normallyr p 1, 2, 3

distributed, with variances . These variances, together2jri

with the demographic parameters in the matrix of equa-
tion (3), need to be estimated.

Collectively, equations (3) and (4) form a linear Gauss-
ian state-space model. From this model, a likelihood for
the census data—Lc( , , , , )—was derived byf mf f F r jji ji ji i ri

using the Kalman filter. The Kalman filter is a recursive
algorithm that estimates the unknown states of a dynamic
system from a series of incomplete and noisy measure-
ments (de Valpine and Hastings 2002; Chatfield 2004).
Given a starting value, the algorithm steps through the
recursions, and at each time period it computes the op-
timal estimator of the state vector and its variance. These
quantities contain all the information needed for inference.
We started the recursive algorithm from the year 1986
using the observed proportions of animals in each class
in the Village Bay area in the same year. The general forms
of the Kalman filter recursions and likelihood function
can be found in, for example, the study by Harvey (1989,
chap. 3). The main advantages of a Kalman filter approach
over a Bayesian alternative are its computational tracta-
bility and objectivity.
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The Integrated Analysis

We combined the census and individual-based data in a
joint likelihood, Ljoint, formed by multiplying the census
likelihood, Lc, and the MRR likelihoods, Lmrr, together.
However, because the MRR likelihoods were derived by
using specialist computer packages (e.g., MARK), they
were approximated by multivariate normal distributions
based on the maximum-likelihood estimates obtained
from analyzing the individual-based data alone (Besbeas
et al. 2002, 2003). Parameter estimates resulted, in general,
from maximizing

f mL (f , f , F , r , j ) pjoint ji ji ji i ri

f m f mˆ ˆ ˆL (f , f , F , r , j )L (f )L (f )L (F ), (5)c ji ji ji i ri mrr ji mrr ji mrr ji

where denotes the multivariate normal density. TheL̂mrr

assumption of independence needed to multiply the com-
ponent likelihoods together is not likely to be seriously
violated here, since the individual-based data result from
the Village Bay area of Hirta and form only a small part
of the population data.

Objective 1: Estimating the Measurement Error. The use of
multivariate counts allowed us to model the sampling var-
iance of the observed census yr at time i. We employed2jri

several models including constant and full time depen-
dence, and , respectively, and a2 2ln (j ) p b ln (j ) p bri r ri ri

linear function of time on the log scale, 2ln (j ) p b �ri 0r

, where T indexes years, that is, a linear trend overb T1r

time. The value of the proportion of females at birth, r,
was assumed to be a constant but unknown number. De-
spite the fact that our interest was in modeling and esti-
mating the measurement errors, all other parameters in
equation (5) were estimated simultaneously.

Objective 2: Estimating Hidden Demographic Processes. Us-
ing the best model for the measurement error variances,
we modeled r as a function of time t, population size P,
and linear trend T through logistic regressions. Further-
more, we explored the performance of the integrated anal-
ysis in estimating an additional demographic parameter
without the support of relevant MRR data. For example,
using the retained structure of and r, we discarded all2jri

observations on individual reproductive success and es-
timated all parameters, including fecundity and birth sex
ratio, by maximizing the likelihood of equation (5) with-
out the component . This application is more chal-L (F )mrr ji

lenging because now both r and F are hidden parameters.
We repeated a similar procedure to estimate male lamb
survival, , from counts, fecundity, and male adult andmf1i

female survival data only. In both cases, we compared the

estimates with those obtained from analyzing the corre-
sponding individual-based data. In addition, the perfor-
mance of the analysis was verified by simulation
(appendix).

Objective 3: Estimating Population Size. To assess the per-
formance of the integrated approach in estimating pop-
ulation size, we removed three consecutive censuses taken
in 1998, 1999, and 2000. This particular period was chosen
because of the crash in population size that occurred in
the winter of 1998–1999. We were interested in verifying
whether the integrated analysis would be able to detect
such an abrupt change in population size. We also used
the integrated approach to forecast the population size in
2005 using the information up to 2004 and assuming a
range of NAO index values for this year.

Results

Objective 1: Estimating a Model for Measurement Error

A model that assumed error-free counts was clearly re-
jected (table 2, model 1); the best-supported models found
that the measurement error variances in female and lamb
counts were equivalent but differed from that for male
counts (table 2, model 5). There was no evidence of sig-
nificant temporal variation or of a trend in any of the
variances (table 2, models 7–13). As a consequence, we
retained the simpler model 5 to test hypotheses about the
temporal variation in the sex ratio at birth. According to
this model, the measurement error standard deviation as-
sociated with the time series of males ( ,ĵ p 48.2 SE p3

) was significantly smaller than that for the female and8.79
lamb time series ( , ).ˆ ˆj p j p 98.22 SE p 12.482 1

In equation (3), the process errors are assumed to be�i

independent across groups. This assumption might not
hold when environmental variability is large. Using the
structure of the selected model (model 5), we verified
whether a correlated processes error generated substantial
changes in parameter estimates by simulation. We found
that estimates were robust to the process versus obser-
vation variance partitioning and under moderate to high
correlation in the process error and variance (appendix).

Objective 2: Estimating Hidden Demographic Processes

Models assuming a linear trend (model 15) in the sex ratio
at birth or a covariation with population size (model 16)
were within two points of AIC from model 5. However,
we still retained model 5 assuming constant r and j2 val-
ues, since it is the one with the lowest number of param-
eters and the lowest AIC. According to this model, the
proportion of female lambs is 0.59 (95% confidence limits
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Table 2: Testing hypotheses about the variance of sampling error of lamb (j1), ewe (j2),
and ram (j3) counts and about the sex ratio of newborn lambs (r)

Model Notation Ljoint np AIC

Measurement errors:
1 /r(.) j p j p j p 01 2 3 1,009.49 37 2,092.98
2 / , ,r(.) j (.) j (.) j (.)2 1 3 235.97 40 551.94
3 / ,r(.) j (.) j (.) p j (.)1 3 2 239.33 39 556.66
4 / ,r(.) j (.) p j (.) j (.)1 3 2 239.60 39 557.21
5a / ,r(.) j (.) p j (.) j (.)1 2 3 235.97 39 549.94
6 /r(.) j (.) p j (.) p j (.)1 2 3 240.42 38 556.83
7a / ,r(.) j (.) p j (.) j (T)1 2 3 235.08 40 550.16
8a / ,r(.) j (T) p j (T) j (.)1 2 3 235.30 40 550.60
9a / ,r(.) j (T) p j (T) j (T)1 2 3 234.43 41 550.85
10 / ,r(.) j (.) p j (.) j (t)1 2 3 224.49 57 562.99
11 / ,r(.) j (t) p j (t) j (.)1 2 3 224.65 57 563.31
12 / ,r(.) j (t) p j (t) j (t)1 2 3 213.08 75 576.17
13 / , ,r p .5 j (t) j (t) j (t)1 2 3 209.18 93 604.36

Proportion of females at birth:
14 / ,r(t) j (.) p j (.) j (.)1 2 3 228.87 56 569.75
15a / ,r(T) j (.) p j (.) j (.)1 2 3 235.92 40 551.83
16a / ,r(P) j (.) p j (.) j (.)1 2 3 235.88 40 551.75

Note: Ljoint p maximum joint log-likelihood value (eq. [5]). ( ), ( ), and ( ) in equationf mˆ ˆ ˆL f L f L Fmrr ji mrr ji mrr ji

(5) are as in table 1; np p number of parameters in the model, Akaike Information Criterion (AIC) p
; t denotes full time dependence, T denotes a linear trend in time, and a period denotes a constant2L � 2njoint p

value.
a Equally supported best models, with a difference in AIC values !2 points.

p 0.53–0.65), a value higher than but consistent with (z-
test: , ) the average proportion of femaleZ p 1.36 P p .09
lambs observed in the Village Bay sector during the period
1985–2003 (0.52; 95% confidence limits p 0.50–0.54).
The use of models 7–9 instead of model 5 for the variances
does not change the conclusion that r is constant (results
not shown). Model 5 provided a good overall agreement
between predicted and observed numbers of sheep in all
three categories (fig. 1). However, in the early 1990s, the
predicted number of females was higher than that ob-
served. A mismatch is also evident in the number of lambs
during the summers of 1996–1998 and 2001, when pre-
dicted numbers were lower than observed. Despite these
differences, the total population size predicted by model
5 correlates strongly with the one observed ( ),2R p 0.77
and parameter estimates are similar to those found from
the MRR analysis (see tables 1, A1 [in the online edition
of the American Naturalist]). In all previous models, data
on r were not included in the analysis. Furthermore, this
parameter was estimated by the joint analysis without us-
ing information on the observed sex ratio at birth in Vil-
lage Bay. To further assess the performance of the inte-
grated analysis in estimating primary demographic
parameters without direct information, we alternatively
estimated fecundity and survival through the maximiza-
tion of the joint likelihood (eq. [5]) without the support
of relevant individual-based information. For fecundity, a

single value of fecundity estimated in this way was 0.67
(95% confidence limits p 0.61–0.73; table 3, model 23),
a value higher than but not significantly different from
( , ) the corresponding estimate from theZ p 1.44 P p .07
individual-based data alone (0.61; 95% confidence limits
p 0.56–0.66). Models with age variation in fecundity re-
turned unreasonable estimates (results not shown), sug-
gesting a problem of parameter redundancy in the joint
analysis in this case. The temporal variation of a single
age-independent parameter was well explained by regres-
sions involving the NAO index (models 19, 21). The model
assuming a time-dependent fecundity, however, had the
lowest AIC value (table 3, model 17). Fecundity values
from this model were consistent with those observed ex-
cept perhaps for the summers of 1995–1998, during which
estimated values were noticeably higher than those ob-
served (fig. 2). Despite a low correlation between the es-
timated and observed values of fecundity ( ; fig.2R p 0.20
2), the model increased the agreement between predicted
and observed population sizes ( ) compared with2R p 0.94
model 5 that included observations on individual repro-
ductive success. Note that we used R2 to illustrate an in-
crease of model fit, but this point is also revealed by com-
paring the AIC values. In a similar way, we estimated
survival parameters, specifically , without observationsmf1i

on male lamb survival (table 3, models 24–28). In this
experiment, observations on reproductive success were in-
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Figure 1: Observed (dotted lines) and predicted (solid lines) numbers of sheep according to year, age (lambs or older), and sex. Predicted numbers
are smoothed estimates of the state vector from a model assuming two constant measurement error variances, one for males and a second for
females and lambs (table 1, model 5). Sex ratio at birth is assumed to be constant. Circles, lambs; triangles, females; squares, males. Bars indicate
95% confidence intervals.

cluded in the fitting. A model with a time-dependent sur-
vival had the lowest AIC value, but in line with the analysis
of the individual-based data alone (table 1), a simpler
model in which male lamb survival covaried with a mea-
sure of winter severity, the NAO index, and population
size provided a similar fit to the data and is more parsi-
monious (table 3, model 26). However, including the in-

teraction between the covariates did not improve model
fit significantly (table 3). Survival values and estimates of
population size from model 26 correlated well with the
estimate from the MRR data and the counts ( 2R p 0.80
and 0.79, respectively). The performance of the integrated
approach in estimating hidden parameters was also in-
vestigated by simulating time series of population counts
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Table 3: Modeling age-independent fecundity parameters, Fi

(models 17–23), and male lamb survival parameters, (modelsmf1

24–28), using the joint likelihood in equation (5) but without
the relevant individual-based information

Model Notation Ljoint np AIC

Fecundity:
17 F(t) 233.24 41 548.48
18 F(T) 256.17 25 562.33
19 F(N # P) 250.63 27 555.26
20 F(N � P) 250.64 26 553.28
21 F(N) 251.56 25 553.11
22 F(P) 255.86 25 561.71
23 F(.) 256.17 24 560.34

First-year survival of males:
24a mf (t)1 224.49 53 554.98
25 mf (N # P)1 240.38 39 558.75
26a mf (N � P)1 240.39 38 556.78
27 mf (N)1 243.10 37 560.21
28 mf (.)1 244.79 36 561.58

Note: N p North Atlantic Oscillation index, P p population size; other

definitions as in table 2. Note that values of Ljoint and Akaike Information

Criterion (AIC) are not directly comparable to those of table 2.
a Equally supported best models.

using the parameter estimates from the selected model and
a range of values for r. In all cases, the estimated values
of r were close to the one used in the simulated time series
(see appendix).

Objective 3: Estimating Population Size

Estimates (SE) of total population size in years 1998, 1999,
and 2000 obtained by the integrated analysis without the
support of census observations for these years were 1,478
(53), 894 (33), and 1,159 (42), respectively. These values
are comparable with those obtained from model 5 using
the complete time series (1,557, 928, and 1,200, respec-
tively). More importantly, we successfully identified the
population crash that occurred in the winter of 1998–1999.
Finally, we used the state-space approach to forecast the
population size in 2005, a datum that was not included
in the analyses. By considering the information available
up to 2004 and a range of possible NAO values for 2005,
we calculated 95% confidence intervals of the state and
observation forecasts for the total number of sheep in 2005
(fig. 3). The observed number of 1,362 sheep in 2005 was
within the 95% confidence limits of the observation pre-
diction made by the model (fig. 3). A similar procedure
can be used to forecast long-term population responses
under different scenarios of climate and/or population
changes.

Discussion

State-space models provide a framework for the simul-
taneous analysis of information on demographic rates and
population size (Buckland et al. 2004). This unifying
framework allows us to explicitly model process and mea-
surement errors in the population counts and to estimate
hidden demographic parameters (Besbeas et al. 2002, 2003;
Thomas et al. 2005). Zeng et al. (1998) used a state-space
modeling approach based on maximum likelihood to
study density-dependent dynamics with univariate eco-
logical time series. Recently, Thomas et al. (2005) have
shown how separate demographic subprocesses can be in-
corporated into the state-space modeling framework for
the study of complex dynamics using a Bayesian statistical
framework (see also Buckland et al. 2004). Despite its
potential, the state-space framework has not yet seen wide-
spread use by population ecologists, and its performance
has never been tested with real cases of known outcome.
Here we illustrated how state-space models fitted by max-
imum likelihood can be extended to the simultaneous
analysis of multivariate counts. Moreover, we used this
approach to estimate unmeasured biological parameters
that cannot be accessible otherwise, and we have empir-
ically evaluated the use of this approach on a range of
realistic biological applications. The extension to multi-
variate counts allowed us to model separately the mea-
surement variances associated with each observed time
series and greatly improved the power of the state-space
modeling approach. For example, the measurement var-
iances were modeled together with the sex ratio at birth,
a demographic parameter that we included in the tran-
sition model but which has not been measured previously.
We found that the variance of measurement errors in the
time series of females was similar to that of lambs but
significantly larger than that associated with males. This
result is likely to reflect the behavior of different types of
animals, since females and lambs segregate from males at
the time of the census (Ruckstuhl and Neuhaus 2002; Clut-
ton-Brock and Pemberton 2004), or the fact that it is
harder to separate lambs and adult females during the
population census. Results also indicated a skewed female
sex ratio at birth in the whole island. For the Village Bay
sector, the probability of giving birth to a male lamb has
been positively but weakly associated with population den-
sity (Lindström et al. 2002). Our results suggest that such
an association does not hold for the whole island of Hirta
and that, at the population level, the annual variability of
the sex ratio parameter was small. This, coupled with the
higher survival of females, predicts a population compo-
sition more and more biased toward females, whereas the
observed values suggest a parallel dynamic between the
two sexes (fig. 1). It is possible that the linear models used
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Figure 2: Time-dependent values of per capita fecundity. Filled squares, observed values (from individual-based data alone); open squares, estimates
from the model selected in the joint analysis (model 17) in which individual data on fecundity were omitted. Bars indicate 95% confidence intervals.

here to describe the variation in survival and fertility are
not sufficiently complex to fully capture the highly dy-
namic character of the population, despite a generally good
match between observed and predicted numbers.

Inference based on a joint likelihood results in param-
eter estimates that can be viewed as the best compromise
between matching insight from population censuses and
individual-based data. In this respect, measurement var-
iances can reflect, in part, disagreement between the two
types of data. A disagreement may be due to biased data
or inappropriate model structure, for example, not in-
corporating other components of the dynamics as im-
migration or spatial heterogeneity; the observation vari-
ance can consequently be used to guide model
construction. However, the Hirta population is closed, and
the count method has been standardized since 1985. Fur-
thermore, in some years (1986–1988, 1991, and 1997) the
population was counted more than once within a limited
period (2 months), when mortality was negligible. Al-
though these multiple counts refer to the aggregate pop-
ulation only and are not sufficient to provide direct es-
timates of for the whole period, they can be used to2jri

assess the variance of the measurement error for the total
count for those years. Thus, the average standard deviation
of the measurement error for calculated fromy � y � y1 2 3

these data is 66. The corresponding standard deviation
estimated using the state-space model (model 5) is 147.
The two values are similar but not directly comparable
because the latter incorporates a lack of fit of the model—
that is, a mismatch between counts and individual-based

data—and it is calculated on the entire time series. A mis-
match may reflect the inadequacy of the model—that is,
important processes have not been included—and/or
small differences in the dynamics of Village Bay, the source
of the individual-based data, and the whole island. This
could be due to movement of animals in response to high
density or to differences in the age structure between dif-
ferent parts of the island (Coulson et al. 1999). Nonethe-
less, the number of sheep in Village Bay is highly correlated
with the total island population size ( ), and the2R p 0.96
effect of such spatial heterogeneity should therefore be
small.

The estimation of hidden demographic parameters by
state-space modeling offers great potential in ecological
studies. However, the interplay of process and observation
variances in state-space modeling may be important. Like-
wise, the variance in observation error or in those param-
eters that are estimated only through the integrated ap-
proach may absorb a part of the lack of fit between counts
and the transition model. This will be more pronounced
if parameters are fully time dependent. We empirically
assessed this possibility by removing detailed data on in-
dividual fecundity or survival and comparing the estimated
parameters with those from the analysis of the individual-
based data alone. The extension to models in which pa-
rameters were assumed to be fully time dependent without
the support of MRR data was made possible because of
the multivariate nature of the counts. For fecundity, for
example, it is interesting to note that the agreement be-
tween observed and predicted counts from model 17 was



State-Space Model and Population Ecology 731

Figure 3: Predicted total population size in 2005 for a range of winter N values. Dotted lines indicate the 95% confidence intervals of predicted
values for true population size, and dashed lines indicate the 95% confidence intervals of predicted values for observed population size. Circle shows
the observed value for 2005 at the corresponding N value (0.12), which was not used to fit the data.

improved compared with model 5 while at the same time
the agreement between observed and estimated fecundity
values deteriorated. In fact, model 17 provided the best
agreement between observed and predicted population
size. Indeed, the discrepancy between the two sets of fe-
cundity estimates from model 5 was higher during the
period 1995–1998 (fig. 2), when the mismatch between
predictions from the individual-based data and counts was
also most evident (fig. 1). This suggests that parameters
estimated in the joint likelihood only can, in part, absorb
multiple sources of disagreement between individual-
based data and counts. Nevertheless, with the exception
of the period 1995–1998, the estimated and observed val-
ues of fecundity were in general agreement. Thus, we be-
lieve that the state-space approach represents a powerful
method to provide estimates of hidden parameters. For
example, we have been able to detect the influence of
ecological conditions in fecundity and survival processes
without detailed data on reproduction, and the results were
in agreement with previous work (Catchpole et al. 2000;
Stenseth et al. 2004). Our analysis also empirically shows
that any identifiability problems of the integrated approach
depend on the type of information available. Models with
age-dependent fecundity were parameter redundant. This
is because fecundity is derived by the single value of the
total number of lambs; age-specific values could be com-
bined in arbitrarily many ways to obtain the same total
breeding output. Additional information on mother age

in count data would have made it possible to estimate the
corresponding age-dependent fecundity values.

Soay Sheep, State-Space Modeling, and
Wild Population Monitoring

Previous studies on Soay sheep population dynamics have
used information from either population counts (Grenfell
et al. 1998; Stenseth et al. 2004; Berryman and Lima 2006)
or individual-based information (Catchpole et al. 2000,
2008; Coulson et al. 2001, 2008). An analytical framework
that unifies these two types of information provides con-
sensual estimates of demographic parameters based on
both types of data and permits new biological insights in
this well-studied system. In particular, we were able to
estimate, for the first time, the variance associated with
the error in the counts, critical information required in
order to infer biological processes from count data (Gren-
fell et al. 1998; Stenseth et al. 2004) or to help with use
of the Soay sheep data to test new analytical methods
(Catchpole et al. 2000, 2008; Coulson et al. 2001, 2008;
Berryman and Lima 2006). A second consequence that
followed from the integrated approach is the estimation
and modeling of the lamb sex ratio at the island scale, a
parameter that cannot be measured in the field—since
male and female lambs cannot be distinguished during the
whole island census—but that has important population
and evolutionary dynamic consequences (Lindström et al.
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2002; Orzack 2002; Skalski et al. 2005). We have also in-
corporated, for the first time, the effect of weather, pop-
ulation abundance, and age on female fertility into a pop-
ulation model and provided a valid short-term forecast of
population size.

The potential and limitations of the integrated approach
highlighted here are particularly relevant to the design of
long-term population studies. In some cases, detailed in-
formation based on mark-release-recapture procedures
could be too expensive or too difficult to collect. For ex-
ample, individuals of a particular age (i.e., juvenile) or in
a particular state (i.e., nonbreeder) might not be detect-
able, and the corresponding age or state parameter might
not be directly estimated. Monitoring programs on co-
lonial birds, for instance, are typically conducted on breed-
ing grounds where only breeders are detectable (Wooller
et al. 1992). We have shown that, providing detailed counts
are available, these problems may be overcome by using
a joint analysis. For example, wildlife managers interested
in estimating time-dependent fecundity in systems in
which individual breeding success cannot be directly mea-
sured should ensure separate censuses of young and adult
animals.
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